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A Sequential Subspace Method for Millimeter Wave
MIMO Channel Estimation

Wei Zhang , Student Member, IEEE, Taejoon Kim , Senior Member, IEEE, and Shu-Hung Leung

Abstract—Data transmission over the millimeter wave
(mmWave) in fifth-generation wireless networks aims to support
very high speed wireless communications. A substantial increase
in spectrum efficiency for mmWave transmission can be achieved
by using advanced hybrid analog-digital precoding, for which
accurate channel state information (CSI) is the key. Rather than
estimating the entire channel matrix, it is now well-understood
that directly estimating subspace information, which contains
fewer parameters, does have enough information to design
transceivers. However, the large channel use overhead and
associated computational complexity in the existing channel
subspace estimation techniques are major obstacles to deploy
the subspace approach for channel estimation. In this paper, we
propose a sequential two-stage subspace estimation method that
can resolve the overhead issues and provide accurate subspace
information. Utilizing a sequential method enables us to avoid
manipulating the entire high-dimensional training signal, which
greatly reduces the computational complexity. Specifically, in
the first stage, the proposed method samples the columns of
channel matrix to estimate its column subspace. Then, based on
the obtained column subspace, it optimizes the training signals to
estimate the row subspace. For a channel withNr receive antennas
and Nt transmit antennas, our analysis shows that the proposed
technique only requires O(Nt) channel uses, while providing a
guarantee of subspace estimation accuracy. By theoretical analysis,
it is shown that the similarity between the estimated subspace and
the true subspace is linearly related to the signal-to-noise ratio
(SNR), i.e., O(SNR), at high SNR, while quadratically related to
the SNR, i.e., O(SNR2), at low SNR. Simulation results show that
the proposed sequential subspace method can provide improved
subspace accuracy, normalized mean squared error, and spectrum
efficiency over existing methods.

Index Terms—Channel estimation, compressed sensing, milli-
meter wave communication, multi-input multi-output, subspace
estimation.
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I. INTRODUCTION

W IRELESS communications using the millimeter wave
(mmWave), which occupies the frequency band (30–

300 GHz), address the current scarcity of wireless broadband
spectrum and enable high speed transmission in fifth-generation
(5G) wireless networks [1]. Due to the short wavelength, it
is possible to employ large-scale antenna arrays with small-
form-factor [2]–[4]. To reduce power consumption and hardware
complexity, the mmWave systems exploit hybrid analog-digital
multiple-input multiple-output (MIMO) architecture operating
with a limited number of radio frequency (RF) chains [2]. Under
the perfect channel state information (CSI), it has been shown
that hybrid precoding can achieve nearly optimal performance
as fully-digital precoding [2], [3], [5]. In practice, accurate
CSI must be estimated via channel training in order to have
effective precoding for robust mmWave MIMO transmission.
However, extracting accurate CSI in the mmWave MIMO poses
new challenges due to the limited number of RF chains that
limits the observability of the channel and greatly increases the
channel use overhead.

To reduce the channel use overhead, initial works focused on
the beam alignment techniques [6], [7] utilizing beam search
codebooks. By exploiting the fact that mmWave propagation
exhibits low-rank characteristic, recent researches formulated
the channel estimation task as a sparse signal reconstruction
problem [8], [9] and low-rank matrix reconstruction prob-
lem [10]–[15]. By using the knowledge of sparse signal recon-
struction, orthogonal matching pursuit (OMP) [8] and sparse
Bayesian learning (SBL) [9] were motivated to estimate the
sparse mmWave channel in angular domain. Alternatively, if the
channel is rank-sparse, it is possible to directly extract sufficient
channel subspace information for the precoder design [10], [11],
[16]. These subspace-based methods employ the Arnoldi itera-
tion [16] to estimate the channel subspaces and knowledge of
matrix completion [10], [11] to estimate the low-rank mmWave
channel information.

Though the sparse signal reconstruction [8], [9] and matrix
completion [10], [11] techniques can reduce the channel use
overhead compared to traditional beam alignment techniques,
the training sounders of these techniques [8]–[11] are pre-
designed and high-dimensional, which leads to the fact that
these works suffer from explosive computational complexity
as the size of arrays grows. To reduce the computational com-
plexity, the adaptive training techniques have been investigated
in [4], [16], [17], where the training sounders can be adaptively
designed based on the feedback or two-way training. But these
adaptive training techniques could not guarantee the perfor-
mance on mean squared error (MSE) and/or subspace estimation
accuracy. Moreover, the techniques provided in [4], [16], [17]
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will introduce additional channel use overhead due to the re-
quired feedback and two-way training.

To resolve the feedback overhead and maintain the benefit of
adaptive training, in this paper, we present a two-stage subspace
estimation approach, which sequentially estimates the column
and row subspaces of the mmWave MIMO channel. Compared
to the existing channel estimation techniques in [8]–[11], the
training sounders of the proposed approach are adaptively de-
signed to reduce the channel use overhead and computational
complexity. Moreover, the proposed approach is open-loop,
thus it has no requirements of feedback and two-way channel
sounding compared to priori adaptive training techniques [4],
[16], [17]. The main contributions of this paper are as follows:
� We propose a two-stage subspace estimation technique

called a sequential and adaptive subspace estimation
(SASE) method. In the channel estimation of the proposed
SASE, the column and row subspaces are estimated se-
quentially. Specifically, in the first stage, we sample a small
fraction of columns of the channel matrix to obtain an
estimate of the column subspace of the channel. In the
second stage, the row subspace of the channel is estimated
based on the obtained column subspace. In particular, by
using the estimated column subspace obtained in the first
stage, the receive training sounders of the second stage are
optimized to reduce the number of channel uses. Compared
to the existing works with fixed training sounders, where
the entire high-dimensional training signals are utilized to
obtain the CSI, the proposed adaptation has the advantage
that the dimension of signals being processed in each stage
is much less than that of the entire training signal, greatly
reducing the computational complexity. Thus, the proposed
SASE has much less computational complexity than those
of the existing methods.

� We analyze the subspace estimation accuracy, which guar-
antees the performance of the proposed SASE technique.
Through extensive analysis, it is shown that the subspace
estimation accuracy of the SASE is linearly related to the
signal-to-noise ratio (SNR), i.e., O(SNR), at high SNR,
and quadratically related to the SNR, i.e.,O(SNR2), at low
SNR. Moreover, simulation results show that the proposed
SASE improves estimation accuracy over the prior arts.

� After obtaining the estimated column and row subspaces,
an efficient method is developed for estimating the high-
dimensional but low-rank channel matrix. Specifically,
given the subspaces estimated by the proposed SASE,
the mmWave channel estimation task can be simplified to
solving a low-dimensional least squares problem, whose
computation is much lower. Simulation results show that
the proposed channel estimation method has lower normal-
ized mean squared error and higher spectrum efficiency
than those of the existing methods.

This paper is organized as follows, in Section II, we introduce
the mmWave MIMO system model. In Section III, the proposed
SASE is developed and analyzed. The channel use overhead,
computational complexity, and an extension of the proposed
SASE are discussed in Section IV. Finally, the simulation results
and the conclusion remarks are provided in Sections V and VI,
respectively.

Notation: Bold small and captial letters denote vectors and
matrices, respectively. AT ,AH ,A−1, |A|, ‖A‖F , tr(A), and
‖a‖2 are, respectively, the transpose, conjugate transpose, in-
verse, determinant, Frobenius norm, trace of A, and l2-norm of

Fig. 1. The mmWave MIMO channel sounding model.

a. [A]:,i, [A]i,:, and [A]i,j are, respectively, the ith column,
ith row, and ith row jth column entry of A. vec(A) stacks
the columns of A and forms a column vector. diag(a) denotes
a square diagonal matrix with vector a as the main diagonal.
σL(A) denotes the Lth largest singular value of matrix A.
IM ∈ R

M×M is the identity matrix. The1M,N ∈ R
M×N ,0M ∈

R
M×1,0M,N ∈ R

M×N are the all one matrix, zero vector, and
zero matrix, respectively. col(A) denotes the column subspace
spanned by the columns of matrix A. The operator (·)+ denotes
max{0, ·}. The operator ⊗ denotes the Kronecker product.

II. MMWAVE MIMO SYSTEM MODEL

A. Channel Sounding Model

The mmWave MIMO channel sounding model is shown in
Fig. 1, where the transmitter and receiver are equipped with Nt

and Nr antennas, respectively. There are NRF ≥ 2 and MRF ≥
2 RF chains at the transmitter and receiver, respectively. Without
loss of generality, we assume Nt is an integer multiple of NRF ,
and Nr is also an integer multiple of MRF . In the considered
mmWave channel sounding framework, one sounding symbol is
transmitted over a unit time interval from the transmitter, which
is defined as one channel use. It is assumed that the system
employs K channel uses for channel sounding. The received
signal y(k) ∈ C

MRF×1 at the kth channel use is given by

y(k) = WH
(k)Hf(k) +WH

(k)n(k), k = 1, . . . ,K, (1)

where W(k) = WA,kWD,k ∈ C
Nr×MRF is the receive

sounder composed of receive analog sounder WA,k ∈
C

Nr×MRF and receive digital sounder WD,k ∈ C
MRF×MRF

in series, f(k) = FA,kFD,ksk ∈ C
Nt×1 is the transmit sounder

composed of transmit analog sounder FA,k ∈ C
Nt×NRF and

transmit digital sounder FD,k ∈ C
NRF×NRF in series with

transmitted sounding signal sk, and n(k) ∈ C
Nr×1 is the noise.

Considering that the transmitted sounding signal sk is in-
cluded in f(k), for convenience, we let sk = 1√

NRF
[1, . . . , 1]T ∈

R
NRF×1, which enables us to focus on the design of FA,k

and FD,k. It is worth noting that the analog sounders are con-
strained to be constant modulus, that is, |[WA,k]i,j |=1/

√
Nr,

and |[FA,k]i,j |=1/
√
Nt, ∀i, j. Without loss of generality, we

assume the power of the transmit sounder is one, that is,
‖f(k)‖2

2=1. The noisen(k) is an independent zero mean complex
Gaussian vector with covariance matrix σ2INr

. Due to the unit
power of transmit sounder, we define the signal-to-noise-ratio
(SNR) as 1/σ2.1 The details of designing the receive and transmit

1Here, the SNR is the ratio of transmitted sounder‘s power to the noise’s
power, which is a common practice in the channel estimation literature [4],
[8]–[10], [16], [17].
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sounders for facilitating the channel estimation will be discussed
in Section III.

To model the point-to-point sparse mmWave MIMO channel,
we assume there are L clusters with L � min{Nr, Nt}, and
each constitutes a propagation path. The channel model can be
expressed as [18], [19],

H =

√
NrNt

L

L∑
l=1

hlar(θr,l)a
H
t (θt,l). (2)

where ar(θr,l) ∈ C
Nr×1 and at(θt,l) ∈ C

Nt×1 are array re-
sponse vectors of the uniform linear arrays (ULAs) at the re-
ceiver and transmitter, respectively. We extend it to the channel
model with 2D uniform planar arrays (UPAs) in Section IV-C.
In particular, ar(θr,l) and at(θt,l) are expressed as

ar(θr,l) =
1√
Nr

[1, e−j 2π
λ
d sin θr,l , . . . , e−j 2π

λ
d(Nr−1) sin θr,l ]T ,

at(θt,l) =
1√
Nt

[1, e−j 2π
λ
d sin θt,l , . . . , e−j 2π

λ
d(Nt−1) sin θt,l ]T ,

where λ is the wavelength, d = 0.5λ is the antenna spacing, θr,l
and θt,l are the angle of arrival (AoA) and angle of departure
(AoD) of the lth path uniformly distributed in [−π/2, π/2),
respectively, and hl ∼ CN (0, σ2

h,l) is the complex gain of the
lth path.

The channel model in (2) can be rewritten as

H = Ar diag(h)A
H
t , (3)

where Ar = [ar(θr,1), . . . ,ar(θr,L)] ∈ C
Nr×L, At = [at

(θt,1), . . . ,at(θt,L)] ∈ C
Nt×L, and h = [h1, . . . , hL]

T ∈
C

L×1. The channel estimation task is to obtain an estimate of
H, i.e., Ĥ, from y(k), W(k), and f(k), k = 1, . . . ,K in (1).

B. Performance Evaluation of Channel Estimation

To evaluate the channel estimation performance, the achieved
spectrum efficiency by utilizing the channel estimate Ĥ is
discussed in the following. Conventionally, the precoder F̂ ∈
C

Nt×Nd and combiner Ŵ ∈ C
Nr×Nd are designed, based on

the estimated Ĥ, where Nd is the number of transmitted data
streams with Nd ≤ min{NRF ,MRF }. Here, when evaluating
the channel estimation performance, it is assumed the number
of transmitted data streams is equal to the number of dominant
paths, i.e., Nd = L. After the design of precoder and combiner,
the received signal for the data transfer is given by

y = ŴHHF̂s+ ŴHn, (4)

where the signal follows s ∼ CN (0L,
1
LIL) and n ∼ CN

(0Nr
, σ2INr

). It is worth noting that (4) is for data transmission,
while (1) is for channel sounding. The spectrum efficiency
achieved by Ŵ and F̂ in (4) is defined in [20] as,

R = log2

∣∣∣∣IL +
1

σ2 L
R−1

n HeHe
H

∣∣∣∣ , (5)

where He = ŴHHF̂ ∈ C
L×L and Rn = ŴHŴ ∈ C

L×L. In
this work, we assume that the precoder and combiner are unitary,
such that ŴHŴ = IL and F̂HF̂ = IL. Under this assumption,
we have Rn = IL in (5).

It is worth noting that the spectrum efficiency in (5) is in-
variant to the right rotations of the precoder and combiner,
i.e., substituting F̃ = F̂RF and W̃ = ŴRW into (5), where
RF ∈ C

L×L and RW ∈ C
L×L are unitary matrices, does not

change the spectrum efficiency. Thus, the R in (5) is a function
of subspaces spanned by the precoder and combiner, i.e., col(F̂)
and col(Ŵ). Moreover, the highest spectrum efficiency can be
achieved when col(F̂) and col(Ŵ) respectively equal to the row
and column subspaces of H.

Apart from the spectrum efficiency achieved by the signal
model in (4), we consider the effective SNR at the receiver,

γ =
‖ŴHHF̂‖2

F

σ2‖Ŵ‖2
F

=
‖ŴHHF̂‖2

F

σ2 L
. (6)

The received SNR γ in (6) has the same rotation invariance
property as the spectrum efficiency. In other words, the γ in (6)
is a function of the estimated column and row subspaces. The
maximum of the γ is also achieved when Ŵ and F̂ span the
column and row subspaces of H, respectively.

Inspired by the definition in (6), in this paper, the accuracy of
subspace estimation is defined as the ratio of the power captured
by the transceiver matrices [21] Ŵ and F̂ to the power of the
channel,

η(Ŵ, F̂) =
‖ŴHHF̂‖2

F

tr(HHH)
. (7)

Similarly, the measures for the accuracy of column subspace and
row subspace estimation, i.e.,ηc(Ŵ) andηr(F̂), are respectively
defined as the ratio of the power captured by Ŵ and F̂ to the
power of the channel in the following,

ηc(Ŵ) =
tr(ŴHHHHŴ)

tr(HHH)
, (8)

ηr(F̂) =
tr(F̂HHHHF̂)

tr(HHH)
. (9)

Moreover, ηc and ηr are also rotation invariant. When the values
of ηc or ηr are closed to one, the corresponding Ŵ or F̂ can be
treated accurate subspace estimates.

The illustration of the proposed SASE algorithm is shown in
Fig. 2. It consists of two stages: one is column subspace estima-
tion and the other is row subspace estimation. In particular, the
training sounders of the second stage can be optimized by fully
adapting them to the estimated column subspace, which would
reduce the number of channel uses and improve the estimation
accuracy.

III. SEQUENTIAL AND ADAPTIVE SUBSPACE ESTIMATION

A. Estimate the Column Subspace

In this subsection, we present the design of transmit and
receive sounders along with the method for obtaining the column
subspace of the mmWave channel. To begin with, the following
lemma shows that under the mmWave channel model in (3), the
column subspaces of H and sub-matrix HS are equivalent.
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Fig. 2. Illustration of SASE Algorithm.

Lemma 1: Let HS = HS ∈ C
Nr×m be a sub-matrix that

selects the first m columns of H with m ≥ L, where S is

S =

[
Im

0Nt−m,m

]
∈ R

Nt×m.

For the mmWave channel model in (3), if all the values of angles
{θt,l}Ll=1 and {θr,l}Ll=1 are distinct, the column subspaces of H
and HS will be equivalent, i.e., col(HS) = col(H).

Proof: See Appendix A. �
Remark 1: Because {θt,l}Ll=1 and {θr,l}Ll=1 are continuous

random variables (r.v.s) in [−π/2, π/2), hence, they are distinct
almost surely (i.e., with probability 1).

Lemma 1 reveals that when col(HS) = col(H), to obtain
the column subspace of H, it suffices to sample the first m
columns of H, i.e., HS , which reduces the number of channel
uses. However, the mmWave hybrid MIMO architecture can
not directly access the entries of H due to the analog array
constraints. This can be overcome by adopting the technique
proposed in [16]. Specifically, to sample the ith column of H,
i.e., [H]:,i, the transmitter needs to construct the transmit sounder
f(i) = ei ∈ C

Nt×1, where ei is the ith column of INt
. This is

possible due to the fact that any precoder vector can be generated
by NRF ≥ 2 RF chains [22]. To be more specific, there exists
FA,i, FD,i, and si such that ei = FA,iFD,isi,

ei =
1√
Nt

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 · · ·
...

... · · ·

1 1 · · ·

1 −1 · · ·

1 1 · · ·
...

... · · ·

1 1 · · ·

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
�FA,i

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

√
NRF Nt

2 0 · · · 0

−
√

NRF Nt

2 0 · · · 0

0 0 · · · 0

...
...

. . .
...

0 0 · · · 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
�FD,i

1√
NRF

⎡
⎢⎢⎢⎢⎢⎢⎣

1

1

...

1

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
�si

,

where FA,i = 1√
Nt
1Nt,NRF

except for [FA,i]i,2 = − 1√
Nt

, the

FD,i = 0NRF ,NRF
except for [FD,i]1,1 =

√
NRF Nt

2 , [FD,i]2,1 =

−
√

NRF Nt
2 , and si = 1√

NRF
[1, . . . , 1]T ∈ R

NRF×1.
At the receiver side, we collect the receive sounders of

Nr/MRF channel uses to form the full-rank matrix,

M = [W(i,1),W(i,2), . . . ,W(i,Nr/MRF )] ∈ C
Nr×Nr , (10)

where W(i,j) ∈ C
Nr×MRF , j = 1, . . . , Nr/MRF , denotes the

jth receive sounder corresponding to transmit sounder ei. In
order to satisfy the analog constraint where the entries in analog
sounders should be constant modulus, we let the matrix M in
(10) be the discrete Fourier transform (DFT) matrix. Specifi-
cally, the analog and digital receive sounders associated with
W(i,j) in (10) are expressed as follows

W(i,j) = [M]:,(j−1)MRF+1:jMRF︸ ︷︷ ︸
analog sounder

IMRF︸ ︷︷ ︸
digital sounder

.

Thus, the received signal y(i,j) ∈ C
MRF×1 under the transmit

sounder ei and receive sounder W(i,j) is expressed as follows

y(i,j) = WH
(i,j)Hei +WH

(i,j)n(i,j),

where n(i,j) ∈ C
Nr×1 is the noise vector with n(i,j) ∼

CN (0Nr
, σ2INr

). Then we stack the observations of Nr/MRF

channel uses as yi = [yT
(i,1), . . . ,y

T
(i,Nr/MRF )]

T ∈ C
Nr×1,

⎡
⎢⎢⎢⎢⎢⎢⎣

y(i,1)

y(i,2)

...

y(i, Nr
MRF

)

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
�yi

=

⎡
⎢⎢⎢⎢⎢⎢⎣

WH
(i,1)

WH
(i,2)

...

WH
(i, Nr

MRF
)

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
�MH

Hei︸︷︷︸
�[H]:,i

+

⎡
⎢⎢⎢⎢⎢⎢⎣

WH
(i,1)n(i,1)

WH
(i,2)n(i,2)

...

WH
(i, Nr

MRF
)
n(i, Nr

MRF
)

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
�ñi

= MH [H]:,i + ñi, (11)

where ñi ∈ C
Nr×1 is the effective noise vector after stacking,

whose covariance matrix is expressed as,

E[ñiñ
H
i ]=σ2

⎡
⎢⎢⎢⎢⎣

WH
(i,1)W(i,1) · · · WH

(i,1)W(i, Nr
MRF

)

...
. . .

...

WH
(i, Nr

MRF
)
W(i,1) · · · WH

(i, Nr
MRF

)
W(i, Nr

MRF
)

⎤
⎥⎥⎥⎥⎦.

(12)

Because the DFT matrixM in (10) satisfiesMHM = MMH =
INr

, the following holds

WH
(i,j)W(i,k) =

{
IMRF

j = k,

0MRF
j �= k.

(13)

Substituting (13) into (12), we can verify that E[ñiñ
H
i ] =

σ2INr
, and precisely, ñi ∼ CN (0Nr

, σ2INr
). Moreover, by

denoting Ñ = [ñ1, . . . , ñm] ∈ C
Nr×m, it is straightforward

that the entries in Ñ are independent, identically distributed
(i.i.d.) as CN (0, σ2). Here, for convenience, we denote ỸS =
[y1, . . . ,ym] ∈ C

Nr×m where yi is defined in (11). Then, we
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apply DFT to the collected observation ỸS , and obtain YS =

MỸS ∈ C
Nr×m as

YS = HS +NS , (14)

where NS = MÑ ∈ C
Nr×m and HS = [H]:,1:m ∈ C

Nr×m.
Before talking about the noise part NS in (14), the following
lemma is a preliminary which gives the distribution of entries in
the product of matrices.

Lemma 2: Given a semi-unitary matrix A ∈ C
d×N with

AAH = Id, and a random matrix X ∈ C
N×m with i.i.d. entries

of CN (0, σ2), the product Y = AX ∈ C
d×m also has i.i.d.

entries with distribution of CN (0, σ2).
Proof: See Appendix B. �
Therefore, considering the noise part in (14), i.e.,NS = MÑ,

where M is unitary and Ñ has i.i.d. CN (0, σ2) entries, the
conclusion of Lemma 2 can be applied, which verifies that the
entries of NS in (14) are i.i.d. as CN (0, σ2).

Given the expression in (14), the column subspace estimation
problem is formulated as,

Û = argmax
U∈CNr×L

∥∥UHYS

∥∥2

F
subject to UHU = IL, (15)

where one of the optimal solutions of (15) can be obtained by
taking the dominant L left singular vectors of YS . Here, the
number of paths, L, is assumed to be known as a priori. In
practice, it is possible to estimate L by comparing the singular
values of YS [23]. Because YS = HS +NS and rank(HS) =
L, there will be L singular values of YS whose magnitudes
clearly dominate the other singular values. Alternatively, we can
set it toLsup, which is an upper bound on the number of dominant
paths such that L ≤ Lsup.2

Now, we design the receive combiner Ŵ in (4) for data
transmission to approximate the estimated Û ∈ C

Nr×L in (15).
Specifically, we design the analog combiner ŴA ∈ C

Nr×MRF

and digital combiner ŴD ∈ C
MRF×L at the receiver by solving

the following problem(
ŴA,ŴD

)
= argmin

WA,WD

‖Û−WAWD‖F ,

subject to |[WA]i,j | = 1√
Nr

. (16)

The problem above can be solved by using the OMP algo-
rithm [5] or alternating minimization method [24]. The designed
receive combiner is given by Ŵ = ŴAŴD ∈ C

Nr×L with
ŴHŴ = IL. The methods in [5], [24] have shown to guar-
antee the near optimal performance, such as col(Ŵ) ≈ col(Û).
The details of our column subspace estimation algorithm are
summarized in Algorithm 1.

In general, col(Ŵ) is not equal to the column subspace of H,
i.e., col(U) with U ∈ C

Nr×L, due to the noise NS in (14). To
analyze the column subspace accuracy ηc(Ŵ) defined in (8),
we introduce the theorem [25] below.

2Due to the limited RF chains, the dimension of channel subspaces for data
transmission is less than min{MRFNRF }. Thus, if the path number estimate
is larger than min{MRF ,NRF }, we let it be min{MRF ,NRF }.

Algorithm 1: Column Subspace Estimation.
1: Input: channel dimension: Nr, Nt; number of RF

chains at receiver: MRF ; channel paths: L; parameter:
m.

2: Initialization: channel use index k = 1.
3: for i = 1 to m do
4: Set transmit sounder as f(i) = ei.
5: for j = 1 to Nr/MRF do
6: Design receive training sounder as

W(i,j) = [M]:,(j−1)MRF+1:jMRF
IMRF

.
7: Obtain the received signal

y(i,j) = WH
(i,j)Hf(i) +WH

(i,j)n(i,j).
8: Update k = k + 1.
9: end for

10: yi = [yT
(i,1), . . . ,y

T
(i,Nr/MRF )]

T .
11: end for
12: YS = M [y1, . . . ,ym].
13: Column subspace Û is obtained by the dominant L

left singular vectors of YS .
14: Design Ŵ based on Û by solving (16).
15: Output: Column subspace estimation Ŵ.

Theorem 1 ([25]): Suppose X ∈ C
M×N (M ≥ N) is of

rank-r, and X̂ = X+N, where [N]i,j is i.i.d. with zero mean
and unit variance (not necessarily Gaussian). Let the compact
SVD of X be

X = UΣVH ,

where U ∈ C
M×r, V ∈ C

N×r, and Σ ∈ C
r×r. We assume the

singular values inΣ are in descending order, i,e, σ1(X) ≥ · · · ≥
σr(X). Similarly, we partition the SVD of X̂ as

X̂ =
[
Û Û⊥

]⎡
⎣Σ̂1 0

0 Σ̂2

⎤
⎦

⎡
⎣V̂H

V̂H
⊥

⎤
⎦ ,

where Û ∈ C
M×r, Û⊥ ∈ C

M×(M−r), V̂ ∈ C
N×r, V̂⊥ ∈

C
N×(N−r), Σ̂1 ∈ C

r×r, and Σ̂2 ∈ C
(M−r)×(N−r). Then, there

exists a constant C > 0 such that

E

[
σ2
r(U

HÛ)
]
≥

(
1 − CM(σ2

r(X) +N)

σ4
r(X)

)
+

,

E

[
σ2
r(V

HV̂)
]
≥

(
1 − CN(σ2

r(X) +M)

σ4
r(X)

)
+

,

where the expectation is taken over the random noise N. In
particular, when the noise is i.i.d. CN (0, 1), it has C = 2.

We have the following proposition for the accuracy of the
column subspace estimation in Algorithm 1.

Proposition 1: If the Euclidean distance ‖Ŵ − Û‖F ≤ δ1
in (16), then the accuracy of the estimated column subspace
matrix Ŵ obtained from Algorithm 1 is lower bounded as

√
ηc(Ŵ) ≥ σL(Û

HU)− δ1, (17)
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where U ∈ C
Nr×L is the matrix composed of L dominant left

singular vectors of H. In particular, if δ1 → 0, we have

E

[
ηc(Ŵ)

]
≥ σ2

L(Û
HU)

≥
(

1 − 2Nr(σ
2σ2

L(HS) +mσ4)

σ4
L(HS)

)
+

, (18)

where the σL(HS) is the Lth largest singular value of HS .
Proof: See Appendix C. �
From (18), the larger the value of m is, the more accurate

the column subspace estimation. Thus, when more columns are
used for the column subspace estimation, the estimated column
subspace will be more reliable. In particular, when the noise
level is low such that σ2

L(HS) � mσ2 in (18), we have

E

[
ηc(Ŵ)

]
≥

(
1 − 2Nrσ

2

σ2
L(HS)

)
+

.

It means that the column subspace estimation accuracy is linearly
related to the value of σ2/σ2

L(HS), i.e., O(SNR). On the other
hand, when the noise level is high such that σ2

L(HS) � mσ2,
the bound in (18) can be written as

E

[
ηc(Ŵ)

]
≥

(
1 − 2Nrmσ4

σ4
L(HS)

)
+

.

At low SNR, the column subspace estimation accuracy is
quadratically related to σ4/σ4

L(HS), i.e., O(SNR2).
Remark 2: When the number of paths,L, increases, the value

of σL(HS) in (18) will decrease, which can be interpreted
as follows. When m,Nr → ∞, the entries in HS ∈ C

Nr×m

can be generally approximated as standard Gaussian r.v.s [26].
Moreover, it has been shown in [27], [28] that the Lth largest
singular value of σL(HS) ∝ Nr+1−L√

Nr
with high probability. As

a result, the accuracy of column subspace estimation will be
decreased as L increases due to (18) of Proposition 1.

B. Estimate the Row Subspace

In this subsection, we present how to learn the row subspace by
leveraging the estimated column subspace matrix Ŵ. Because
we have already sampled the first m columns of H in the first
stage, we only need to sample the remaining Nt −m columns
to estimate the row subspace as shown in Fig. 2.

At the kth channel use of the second stage, we observe the
(m+ k)th column of H, k = 1, . . . , (Nt −m). To achieve this,
we employ the transmit sounder as

f(k) = em+k. (19)

For the receive sounder, given the estimated column subspace
matrix Ŵ in the first stage, we just let the receive sounder of the
second stage be Ŵ ∈ C

Nr×L.3 It is worth noting Ŵ is trivially
applicable for hybrid precoding architecture sinceŴ is obtained
from (16). Therefore, under the transmit sounder f(k) in (19) and

receive sounder Ŵ in (16), the observation y(k) ∈ C
L×1 at the

3It is worth noting that because the estimated column subspace of the first

stage is Ŵ ∈ C
Nr×L, thus the dimension for receive sounder of second stage

is Nr × L rather than Nr ×MRF in (1).

receiver can be given by

y(k) = ŴHHf(k) + ŴHn(k)

= ŴH [H]:,m+k + ŴHn(k), (20)

where n(k) ∈ C
Nr×1 is the noise vector with n(k) ∼

CN (0Nr
, σ2INr

). Then, the observations k = 1, . . . , (Nt −m)

in (20) are packed into a matrix Q̂C ∈ C
L×(Nt−m) as

Q̂C = [y(1),y(2), . . . ,y(Nt−m)]

= ŴH(HC +NC), (21)

where HC = [[H]:,m+1, . . . , [H]:,Nt
] ∈ C

Nr×(Nt−m), and
NC = [n(1), . . . ,n(Nt−m)] ∈ C

Nr×(Nt−m).

In addition, given the receive sounder Ŵ and observations
YS of the first stage in (14), we define Q̂S ∈ C

L×m as,

Q̂S = ŴHYS = ŴH(HS +NS). (22)

Combining (22) and (21) yields Q̂ ∈ C
L×Nt expressed as,

Q̂ =
[
Q̂S , Q̂C

]

=
[
ŴH(HS +NS),Ŵ

H(HC +NC)
]

= ŴHH︸ ︷︷ ︸
�Q̄

+ŴHN︸ ︷︷ ︸
�N̄

, (23)

where N = [NS ,NC ] ∈ C
Nr×Nt , H = [HS ,HC ] ∈ C

Nr×Nt ,
Q̄ = ŴHH ∈ C

L×Nt , and N̄ = ŴHN ∈ C
Nr×Nt . Mean-

while, since Ŵ is semi-unitary and the entries in N are i.i.d.
with distribution CN (0, σ2), according to Lemma 2, the entries
in N̄ are also i.i.d. with distribution CN (0, σ2).

Now, given the expression Q̂ in (23), the row subspace esti-
mation problem is formulated as,

V̂ = argmax
V∈CNt×L

‖Q̂V‖2
F subject to VHV = IL,

where the estimated row subspace matrix V̂ ∈ C
Nt×L is ob-

tained as the dominant L right singular vectors of Q̂. Similarly,
in order to design the precoder F̂ in (4) for data transmission,
we need to approximate the estimated row subspace matrix
V̂ under the hybrid precoding architecture. Specifically, we
design the analog precoder F̂A ∈ C

Nt×NRF and digital precoder
F̂D ∈ C

NRF×L by solving the following problem(
F̂A, F̂D

)
= argmin

FA,FD

‖V̂ − FAFD‖F ,

subject to |[FA]i,j | = 1√
Nt

. (24)

Therefore, the transmit precoder is given by F̂ = F̂AF̂D ∈
C

Nt×L with F̂HF̂ = IL. Similarly, the method on solving (24)
in [5] can guarantee col(F̂) ≈ col(V̂). The details of our row
subspace estimation algorithm are shown in Algorithm 2. We
have the following proposition about the estimated row subspace
accuracy for Algorithm 2.
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Algorithm 2: Row Subspace Estimation.
1: Input: channel dimension: Nr, Nt; channel paths: L;

estimated column subspace: Ŵ; observations of first
stage: YS ; parameter: m.

2: Set the receive training sounder as Ŵ.
3: for k = 1 to (Nt −m) do
4: Set the transmit training sounder as f(k) = em+k.
5: Obtain the received signal:
6: y(k) = ŴHHf(k) + ŴHn(k).
7: end for
8: Stack all the observations and (22):
9: Q̂C = [y(1),y(2), . . . ,y(Nt−m)].

10: Calculate Q̂: Q̂ = [ŴHYS , Q̂C ].
11: Row subspace matrix V̂ is obtained by the dominant L

right singular vectors of Q̂.
12: Design F̂ based on V̂ by solving (24).
13: Output: row subspace estimation F̂.

Proposition 2: If the Euclidean distance ‖F̂− V̂‖F ≤ δ2 in
(24), then the accuracy of the estimated row subspace matrix F̂
obtained from Algorithm 2 is lower bounded as√

ηr(F̂) ≥ σL(V̂
HV)− δ2, (25)

where V ∈ C
Nt×L is the matrix composed of the L dominant

right singular vectors of H. In particular, if δ2 → 0, we have

E

[
ηr(F̂)

]
≥ σ2

L(V̂
HV)

≥
(

1 − 2Nt(σ
2σ2

L(Q̄) + Lσ4)

σ4
L(Q̄)

)
+

, (26)

where σL(Q̄) is the Lth largest singular value of Q̄ in (23).
Proof: See Appendix D. �
Similar as the column subspace estimation, the row subspace

accuracy linearly increases with the SNR, i.e., O(SNR) at high
SNR, and quadratically increases with SNR, i.e., O(SNR2),
at low SNR. Also, the accuracy of row subspace estimation
decreases with the number of paths, L. As the value of σL(Q̄)
in (26) grows, we can have a more accurate row subspace
estimation. Moreover, considering Q̄ = ŴHH, it is intuitive
that the estimated column subspace matrix Ŵ will affect
the value ofσL(Q̄), and then affect the accuracy of row subspace
estimation. Specifically, when col(Ŵ) = col(U), we will have
σL(Q̄) = σL(H), which attains the maximum. In the following,
we further discuss the relationship between σL(Q̄) and σL(H).

With the SVD of H, i.e., H = UΣVH , we have Q̄ =

ŴHH = ŴHUΣVH . Then, the following relationship is true
due to the singular value product inequality,

σL(Q̄) ≥ σL(Ŵ
HU)σL(ΣVH)

= σL(Ŵ
HU)σL(H). (27)

Therefore, σL(Q̄) is lower bounded by the product of the Lth
largest singular values of ŴHU and H. When the estimation
of the column subspace becomes accurate, the σL(Ŵ

HU) will
approach to one. As a result, the value ofσL(Q̄) is approximately

equal toσL(H), resulting in a further enhanced row subspace es-
timation. The inequality in (27) reveals that the column subspace
estimation affects the accuracy of the row subspace estimation.

Given the estimated column subspace Ŵ in Algorithm 1 and
row subspace F̂ in Algorithm 2, the following lemma shows
the subspace estimation accuracy of the proposed SASE, i.e.,
η(Ŵ, F̂) defined in (7).

Lemma 3: If we assume δ1 → 0 and δ2 → 0 in (16) and (24),
the subspace estimation accuracy defined in (7) associated with
Ŵ and F̂ is lower bounded as

η(Ŵ, F̂) ≥ σ2
L(Û

HU)σ2
L(V̂

HV). (28)

Proof: Using the definition of η(Ŵ, V̂) in (7), we have

η(Ŵ, F̂) = ‖ŴHHF̂‖2
F /tr(H

HH)

(a)
= ‖ÛHHV̂‖2

F /tr(H
HH)

= ‖ÛHUΣVHV̂‖2
F /tr(H

HH)

(b)

≥ σ2
L(Û

HU)σ2
L(V̂

HV),

where the equality (a) holds for δ1 → 0 and δ2 → 0, and
the inequality (b) holds based on the singular value product
inequality. �

Lemma 3 tells that the power captured by Ŵ and F̂ is lower
bounded by the product of σ2

L(Û
HU) and σ2

L(V̂
HV). These

two parts denotes the two stages in the proposed SASE, which
are column subspace estimation and row subspace estimation,
respectively. Ideally, when col(Û) = col(U) and col(V̂) =

col(V), we have η(Ŵ, F̂) = 1. Nevertheless, the proposed
SASE can still achieve nearly optimal η(Ŵ, F̂). This is because
σ2
L(Û

HU) and σ2
L(V̂

HV) are close to one according to the
bounds provided in (18) and (26), respectively.

C. Channel Estimation Based on the Estimated Subspaces

In this subsection, we introduce a channel estimation method
based on the estimated column subspace Ŵ ∈ C

Nr×L and row
subspace F̂ ∈ C

Nt×L. Let the channel estimate be expressed as

Ĥ = ŴR̂F̂H , (29)

where R̂ ∈ C
L×L. Now, given Ŵ and F̂, it only needs to obtain

R̂ in an optimal manner.
Recalling the column subspace estimation in Section III-A

and row subspace estimation in Section III-B, the corresponding
received signals are expressed as

YS = HS +NS

Q̂C = ŴHHC + ŴHNC .

It is worth noting that the entries in NS and ŴHNC are both
i.i.d with distribution CN (0, σ2). Based on the expression of Ĥ
in (29), the maximum likelihood estimation of R̂ in (29) can be
obtained through the following least squares problem,

min
R∈CL×L

‖YS − ĤS‖2
F + ‖Q̂C − ŴHĤC‖2

F

subject to ĤS = [ŴRF̂H ]:,1:m, ĤC = [ŴRF̂H ]:,m+1:Nt
.

(30)
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Before discussing how to solve the problem in (30), for conve-
nience, we define

r = vec(R) ∈ C
L2×1,

yS = vec(YS) ∈ C
mNr×1,

q̂C = vec(Q̂C) ∈ C
(Nt−m)L×1,

A1 = ([F̂]H:,1:m)T ⊗ Ŵ ∈ C
mNr×L2

,

A2 = ([F̂]H:,m+1:Nt
)T ⊗ IL ∈ C

(Nt−m)L×L2
.

Using the definitions above, the minimization problem in (30)
can be rewritten as

min
r∈CL2×1

‖yS −A1r‖2
2 + ‖q̂C −A2r‖2

2 . (31)

The following lemma provides the solution of problem (31).
Lemma 4: Given the problem below

min
r∈CL2×1

‖yS −A1r‖2
2 + ‖q̂C −A2r‖2

2 ,

the optimal solution is given by

r̂ = (AH
1 A1 +AH

2 A2)
−1(AH

1 yS +AH
2 q̂C). (32)

Proof: The problem is convex with respect to r. Thus, the op-
timal solution can be obtained by setting the first order derivative
of the objective function to zero as

AH
1 (A1r− yS) +AH

2 (A2r− q̂C) = 0. (33)

The solution of (33) is exactly the result in (32), which concludes
the proof. �

It is worth noting that after we have obtained the column and
row subspace estimates, i.e., Ŵ and F̂, the channel estimation is
simply to compute r̂ = vec(R̂) in (32). Since the dimension of R̂
is much lower than that of H, the channel estimation complexity
is substantially reduced as shown in Lemma 4.

IV. DISCUSSION OF ALGORITHM

In this section, we analyze the complexity of the proposed
SASE method in terms of the channel use overhead and com-
putational complexity. Moreover, we discuss the application of
the SASE in other channel scenarios.

A. Channel Use Overhead

Considering the channel uses in each stage, the total number
of channel uses for the SASE is given by

KSASE = mNr/MRF + (Nt −m). (34)

Therefore, the number of channel uses grows linearly with
the channel dimension, i.e., O(Nt). In particular, when we let
m = L, the number of channel uses in (34) will beLNr/MRF +
(Nt − L). Considering that each channel use contributes to
MRF observations in the first stage, and L observations in the
second stage, the total number of the observations is LNr +
L(Nt − L), which is equivalent to the degrees of freedom of
rank-L matrix H ∈ C

Nr×Nt [29].
The numbers of channel uses of the proposed SASE and other

benchmarks [8]–[11], [16], [17] are compared in Table I. For the
angle estimation methods in [8], [9], [17], the number of required

TABLE I
CHANNEL USES OF ALGORITHMS

TABLE II
COMPUTATIONAL COMPLEXITY OF ALGORITHMS

channel uses for the OMP [8] and SBL [9] is KOMP = KSBL =
O(L ln(G2)/MRF ), where G is the number of grids with G ≥
max{Nr, Nt}. The number of channel uses for adaptive channel
estimation (ACE) [17] is KACE = s2 L3 logs(Nm/L)/MRF ,
where 2π/Nm with Nm ≥ max{Nr, Nt} is the desired angle
resolution for the ACE, and s is the number of beamforming
vectors in each stage of the ACE. For the subspace estimation
methods in [10], [11], [16], the numbers of required channel uses
for subspace decomposition (SD) [10] and matrix factorization
(MF) [11] are KSD = KMF = O(L(Nr +Nt)/MRF ), while
it requires KArnoldi = 2qNr/MRF + 2qNt/NRF channel uses
where q ≥ L for Arnoldi approach [16]. Because the number
of estimated parameters of the angle estimation methods such
as OMP, SBL, and ACE, is less than that of the proposed
SASE, they require slightly fewer channel uses than SASE.
Nevertheless, the proposed SASE consumes fewer channel uses
than those of the existing subspace estimation methods [10],
[11], [16] as shown in Table I.

B. Computational Complexity

For the proposed SASE, the computational complexity of the
first stage comes from the SVD of YS , which is O(m2Nr)
[28]. The complexity of the second stage is dominated by
the design of Ŵ in (16), which is O(LDNr), where D ≥
Nr denotes the cardinality of an over-complete dictionary.
Hence, the overall complexity of the proposed SASE algo-
rithm is O(m2Nr + LDNr) = O(LDNr). The computational
complexities of benchmarks, i.e., the angle estimation methods
OMP [8], SBL [9], and ACE [17] along with the subspace
estimation methods Arnoldi [16], SD [10], and MF [11] are
compared in Table II, where K denotes the number of channel
uses. For a fair comparison, when comparing the computational
complexity, we assume the number of channel uses, K, is
equal among the benchmarks. As we can see from Table II,
the proposed SASE has the lowest computational complexity.
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C. Extension of SASE

In this subsection, we extend the proposed SASE to the 2D
mmWave channel model with UPAs. There are Ncl clusters, and
each of cluster is composed of Nray rays. For this model, the
mmWave channel matrix is expressed as [5], [30], [31]

H =

√
NrNt

NclNray

Ncl∑
i=1

Nray∑
j=1

hijar(φ
r
ij , θ

r
ij)a

H
t (φt

ij , θ
t
ij), (35)

where hij represents the complex gain associated with the
jth path of the ith cluster. The ar(φ

r
ij , θ

r
ij) ∈ C

Nr×1 and
at(φ

t
ij , θ

t
ij) ∈ C

Nt×1 are the receive and transmit array response
vectors, where φr

ij(φ
t
ij) and θrij(θ

t
ij) denote the azimuth and

elevation angles of the receiver (transmitter). Specifically, the
ar(φ

r
ij , θ

r
ij) and at(φ

t
ij , θ

t
ij) are expressed as

ar(φ
r
ij , θ

r
ij) =

1√
Nr

[1, . . . , ej
2π
λ
d(mr sinφr

ij sin θr
ij+nr cos θr

ij),

. . . , ej
2π
λ
d((

√
Nr−1) sinφr

ij sin θr
ij+(

√
Nr−1) cos θr

ij)],

at(φ
t
ij , θ

t
ij) =

1√
Nt

[1, . . . , ej
2π
λ
d(mt sinφt

ij sin θt
ij+nt cos θ

t
ij),

. . . , ej
2π
λ
d((

√
Nt−1) sinφt

ij sin θt
ij+(

√
Nt−1) cos θt

ij)],

where d and λ are the antenna spacing and the wavelength,
respectively, 0 ≤ mr, nr <

√
Nr and 0 ≤ mt, nt <

√
Nt are

the antenna indices in the 2D plane.
For the channel model in (35), it is worth noting that the

rank of H is at most NclNray . Using the similar derivations as
the proof of Lemma 1, we can verify that when m ≥ NclNray ,
the sub-matrix HS = [H]:,1:m ∈ C

Nr×m satisfies rank(HS) =
rank(H). Therefore, it is possible to sample the first m columns
of H in (35) to obtain column subspace information, and sample
the remaining columns to obtain the row subspace information.
This means that the proposed SASE can be extended directly to
the channel model given in (35).

In summary, the proposed SASE has no strict limitations to be
applied to other channel models if the channel matrix H expe-
riences sparse propagation and col(HS) = col(H). Moreover,
because the proposed SASE is an open-loop framework, it can
be easily extended to multiuser MIMO downlink scenarios.

V. SIMULATION RESULTS

A. Simulation Setup

In the simulation, we consider the numbers of the receive and
transmit antennas areNr = 36, andNt = 144, respectively, and
the numbers of the RF chains at the receiver and transmitter are
MRF = 6 and NRF = 8, respectively. Without lose of gener-
ality, it is assumed that the variance of the complex gain of
the lth path is σ2

h,l = 1, ∀l. We consider three subspace-based
channel estimation methods as the benchmarks, i.e., SD [10] and
MF [11], and Arnoldi [16], where SD and MF aim to recover the
low-rank mmWave channel matrix, and Arnoldi is to estimate
the dominant singular subspaces of the mmWave channel. For a
fair comparison, the considered benchmarks are to estimate the
subspace rather than the parameters such as the angles of the
paths.

Fig. 3. rank(HS) versus m (Nt = 144;Nr = 36;L = 4).

B. Numerical Results

In order to evaluate the subspace accuracy of different meth-
ods, we compute the subspace accuracy η(Ŵ, F̂) in (7), column
subspace accuracy ηc(Ŵ) in (8), and row subspace accuracy
ηr(F̂) in (9) for comparison. We also evaluate the normal-
ized mean squared error (NMSE) and spectrum efficiency. The
NMSE is defined as NMSE = E[‖H− Ĥ‖2

F /‖H‖2
F ], where Ĥ

denotes the channel estimate. In particular, the channel estimate
of the SASE is obtained by the method derived in Section III-C.
The spectrum efficiency in (5) is calculated with the combinerŴ
and precoder F̂, which are designed according to the precoding
design techniques provided in [5] with the obtained channel
estimate Ĥ via channel estimation.

1) Equivalence of Subspace: It is worth noting that the col-
umn subspace estimation in Section III-A depends on the fact of
subspace equivalence between HS and H in (14). We illustrate
in Fig. 3 the rank of HS with different m. In this simulation, we
set L = 4 and m = {1 L, 2L, . . . , 10L}. It can be seen in Fig. 3
that the rank of HS is equal to L for all the values of m, i.e., the
rank of HS is equal to the rank of H, for m ≥ L. This validates
the fact that col(HS) = col(H).

2) Performance Versus Signal-to-Noise Ratio: In Fig. 4 and
Fig. 5, we compare the performance versus SNR of the proposed
SASE algorithm to SD, MF and Arnoldi methods. The number
of paths is set as L = 4. For a fair comparison, the numbers of
channel uses for the benchmarks are kept approximately equal,
i.e., K = 244.

In Fig. 4(a), the column subspace accuracy ηc of the proposed
SASE is compared with the benchmarks. As we can see, the
SASE and SD methods obtain nearly similar column subspace
accuracy, and they outperform over the MF and Arnoldi. It
means that sampling the sub-matrix HS of the channel H can
provide a robust column subspace estimation. In Fig. 4(b), the
row subspace accuracy ηr versus SNR is plotted. We found
that the proposed SASE outperforms over the others. It verifies
that adapting the receiver sounders to the column subspace
can surely improve the accuracy of row subspace estimation.
In Fig. 4(c), the subspace accuracy η defined in (7) of the
proposed SASE is evaluated. As can be seen that the proposed
SASE achieves the most accurate subspace estimation over the
other methods. For the SASE, MF and SD, the nearly optimal
subspace estimation, i.e., η ≈ 1, can be achieved in the high
SNR region (10 dB ∼ 20 dB). Since the performance of the
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Fig. 4. The subspace accuracy versus SNR (dB) when Nt = 144,
Nr = 36, L = 4,MRF = 6,NRF = 8,K = 244: (a) Column subspace ac-
curacy ηc, (b) Row subspace accuracy ηr , (c) Subspace accuracy η.

Arnoldi highly depends on the number of available channel uses,
its accuracy is degraded and saturated at high SNR due to the
limited channel uses (K = 244). Thus, the ideal performance of
the Arnoldi relies on a large number of channel uses or enough
RF chains [16].

In Fig. 5(a), the NMSE of the proposed SASE is decreased
as the SNR increases. It has similar characteristis as that of
the MF, but has much lower value. The NMSE of the SD is

Fig. 5. The channel estimation performance versus SNR (dB) when Nt =
144,Nr = 36, L = 4,MRF = 6,NRF = 8,K = 244: (a) NMSE, (b) Spec-
trum efficiency.

almost constant in the low SNR region and decreases in higher
SNR region. Overall, the SASE outperforms the SD when
SNR ≥ −15 dB. In Fig. 5(b), the spectral efficiency of the
SASE is plotted. The curve for perfect CSI with fully digital
precoding is plotted for comparison. The proposed SASE
achieves the nearly optimal spectrum efficiency among all the
methods. It is observed that the spectrum efficiency of the SASE
has a different trend from the NMSE in Fig. 5(a), while it has
similar characteristic as the subspace accuracy in Fig. 4(c). The
evaluation validates the effectiveness of the SASE in channel
estimation to provide good spectrum efficiency.

3) Performance Versus Number of Channel Uses: In Fig. 6,
we show the channel estimation performance of the SASE for
different numbers of channel uses. The simulation setting is
L = 4,SNR = 5, 20 dB. The value of m in (34) is in the set of
{4, 8, . . . , 48}. Accordingly, the set of the numbers of channel
uses is K = {164, 184, . . . , 384}.

Fig. 6(a) shows the subspace estimation performance versus
the number of channel uses. As the number of channel uses
increases, the subspace accuracy of all the methods is increased
monotonically. It is worth noting that when K = 164 (m = 4),
the subspace accuracy of the SASE is slightly lower than that
of the SD. This is because there are only m = L = 4 columns
sampled for column subspace estimation that affects the column
subspace accuracy of the SASE slightly. Nevertheless, when
m ≥ 8, i.e., K ≥ 184, the SASE obtains the most accurate
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Fig. 6. The channel estimation performance versus the number of chan-
nel uses K when Nt = 144,Nr = 36, L = 4,MRF = 6,NRF = 8, SNR =
5 dB, 20 dB: (a) Subspace accuracy η, (b) Spectrum efficiency.

subspace estimation, i.e., η ≈ 1, among all the methods. In
particular, when the SNR is moderate, i.e., SNR= 5 dB, the
SASE clearly outperforms over the other methods. This means
that the SASE requires less channel uses to provide a robust
subspace estimation.

Fig. 6(b) shows the spectrum efficiency versus the number
of channel uses. The curve for perfect CSI with fully digital
precoding is also plotted for comparison. Again, the SASE
achieves nearly optimal spectrum efficiency compared to the
other methods. The performance gap between the SASE and the
other methods are more noticeable at SNR= 5 dB. In particular,
as seen in the figure, when the number of channel uses,K ≥ 244,
the performance gap between the SASE and perfect curve at
SNR= 5 dB is less than 1.5 bits/s/Hz.

4) Performance Versus Number of Paths: In Fig. 7, we eval-
uate the estimation performance of the SASE for different
numbers of paths, L. The number of channel uses is K = 244
and SNR = 5, 20 dB. Due to the limited number of channel uses,
the Anorldi method can not perform the channel estimation for
L ≥ 5. Thus, we only show the performance of the Arnoldi for
L ≤ 4.

In Fig. 7(a), the subspace accuracy η of different methods
versus number of paths, L, is illustrated. As we can see, the
SASE, SD and MF achieve a more accurate subspace estimation
compared to the Arnoldi. It is seen that the Arnoldi has a sharp

Fig. 7. The channel estimation performance versus the number of
paths L when Nt = 144,Nr = 36,MRF = 6,NRF = 8,K = 244,SNR =
5 dB, 20 dB: (a) Subspace accuracy η, (b) Spectrum efficiency.

decrease in the accuracy for L > 2. It means that the Arnoldi
can provide a good channel estimate only for L ≤ 2 with the
use of K = 244 channel uses. When SNR = 5 dB, the SASE
outperforms over the other methods. When the SNR is high, i.e.,
SNR = 20 dB, for the proposed SASE, the subspace accuracy
decreases slightly with the number of paths, L, which verifies
our discussion about the effect of L in Remark 2 of Section III.

In Fig. 7(b), the spectrum efficiency versus number of paths,
L, is shown. Apart from the Arnoldi, the spectrum efficiency
achieved by the SASE, MF and SD increases with the number of
paths. When the SNR is high, i.e., SNR= 20 dB, the SASE, MF
and SD can achieve nearly optimal performance. When the SNR
is moderate, i.e., SNR= 5 dB, the proposed SASE achieves the
highest spectrum efficiency among all the methods. Moreover,
for the SASE, MF and SD, their performance gaps with the curve
of perfect CSI is getting wider as L increases. Nevertheless,
the spectrum efficiency of the SASE is more closer than the
other methods, which implies that the SASE can leverage the
property of limited number of paths in mmWave channels more
effectively than the other methods.

5) Performance Versus Inaccurate Path information: Thus
far, in the previous simulations, we have assumed the number
of paths, L, is known a priori. In Fig. 8, we evaluate the
performance of the SASE under the situation that the accurate
path information is not available. As discussed in Section III-A,
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Fig. 8. The channel estimation performance with inaccurate path information
when Nt = 144;Nr = 36;L = 4;MRF = 6;NRF = 8;K = 244: (a) Sub-
space accuracy η, (b) NMSE, (c) Spectrum efficiency.

we utilize the upper bound of the number of paths for simplicity,
where we letLsup = {5, 6}whileL = 4.4 For a clear illustration,
we also evaluate the performance of proposed SASE by using the
lower bound of number of paths, i.e., Linf = 3. As can be seen in
Fig. 8, compared to the case of Linf = 3, using the upper bound
Lsup = {5, 6} for SASE achieves a similar performance as the
accurate path information of L = 4. In particular, it is noted in

4If the Lsup with Lsup ≥ L is utilized for SASE, the estimated subspaces will

be Ŵ ∈ C
Nr×Lsup and F̂ ∈ C

Nt×Lsup . For a fair comparison, we choose the

dominant L modes in Ŵ and F̂ when evaluating the performance.

Fig. 8(a) and Fig. 8(b) that the estimation performance of Lsup is
slightly worse than that of accurate path information when SNR
is high, while it is marginally better when SNR is low. This is
because using inaccurate path information Lsup with Lsup ≥ L
does not affect the column subspace estimation, but according to
Proposition 2, it provides worse row subspace estimation at high
SNR and more accurate row subspace estimation at low SNR.5

Nevertheless, in overall, the performance of proposed SASE is
not sensitive to the inaccurate path number.

VI. CONCLUSION

In this paper, we formulate the mmWave channel estimation as
a subspace estimation problem and propose the SASE algorithm.
In the SASE algorithm, the channel estimation task is divided
into two stages: the first stage is to obtain the column channel
subspace, and in the second stage, based on the acquired column
subspace, the row subspace is estimated with optimized training
signals. By estimating the column and row subspaces sequen-
tially, the computational complexity of the proposed SASE
was reduced substantially to O(LDNr) with D ≥ Nr. It was
analyzed that O(Nt) channel uses are sufficient to guarantee
subspace estimation accuracy of the proposed SASE. By simu-
lation, the proposed SASE has better subspace accuracy, lower
NMSE, and higher spectrum efficiency than those of the existing
subspace methods for practical SNRs.

APPENDIX A
PROOF OF LEMMA 1

From the mmWave channel model in (3), when the angles
{θt,l}Ll=1 and {θr,l}Ll=1 are distinct,

rank(At) = rank(Ar) = L,

which holds due to the fact that At and Ar are both Vander-
monde matrices. Then, HS = HS can be expressed as

HS = Ar diag(h)A
H
t S.

Combining the rank inequality of matrix product rank(HS) ≤
rank(H) = L and the following lower bound,

rank(HS) ≥ rank(Ar diag(h)) + rank(AH
t S)− L

= rank(AH
t S),

yields L ≥ rank(HS) ≥ rank(AH
t S). Therefore, in order to

show col(HS) = col(H), namely, rank(HS) = L, it suffices
to show that rank(AH

t S) = L. Considering that AH
t S is a

Vandermonde matrix, it has rank(AH
t S) = L. This completes

the proof. �

APPENDIX B
PROOF OF LEMMA 2

It is trivial that the entries inY follow the identical distribution
of CN (0, σ2). Therefore, it remains to show that all the entries in
Y are independent. Because of the typical property of Gaussian

5It is worth noting that if Lsup is utilized for SASE, according to

Proposition 2, the row subspace accuracy is bounded as E[ηr(F̂)] ≥ (1 −
2Nt(σ

2σ2
L(Q̄) + Lsupσ

4)/σ4
L(Q̄))+. The statements can be verified easily

through analyzing this row subspace accuracy bound.
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distribution, it suffices to prove that they are uncorrelated. For
any i �= j or m �= n, the following holds,

E [[Y]i,m[Y]j,n] = E
[
Ai,:[X]:,m[X]H:,n[A]Hj,:

]
= 0.

Therefore, the entries in Y are uncorrelated and thus indepen-
dent, which concludes the proof. �

APPENDIX C
PROOF OF PROPOSITION 1

Based on the definition of ηc(Ŵ) in (8), it has

√
ηc(Ŵ) =

√
tr(ŴHHHHŴ)

tr(HHH)

=
‖(Ŵ − Û+ Û)HH‖F

‖H‖F
(a)

≥ ‖ÛHH‖F
‖H‖F − ‖(Ŵ − Û)HH‖F

‖H‖F

=
‖ÛHUΣVH‖F

‖H‖F − ‖(Ŵ − Û)HH‖F
‖H‖F

(b)

≥ σL(Û
HU)− ‖Ŵ − Û‖2,

≥ σL(Û
HU)− δ1, (36)

where the inequality (a) holds from the triangle inequality,
and the inequality (b) comes from the fact that for A ∈ C

n×n

with rank(A) = n and B ∈ C
n×k, ‖AB‖2

F ≥ σ2
n(A)‖B‖2

F ,
where the latter follows by ‖AB‖2

F =
∑k

i=1 ‖A[B]:,i‖2
2 ≥∑k

i=1 σ
2
n(A)‖[B]:,i‖2

2 = σ2
n(A)‖B‖2

F . Thus, this concludes the
proof for the inequality in (17).

Then, by letting δ1 → 0 in (17), we take expectation of squares
of both sides in (36), then it has the following

E

[
ηc(Ŵ)

]
≥ E

[
σ2
L(Û

HU)
]

(c)

≥
(

1 − 2Nr(σ
2σ2

L(HS) +mσ4)

σ4
L(HS)

)
+

, (37)

where the inequality (c) holds from Theorem 1, and this con-
cludes the proof. �

APPENDIX D
PROOF OF PROPOSITION 2

Recall that the row subspace matrix V̂ is given by the right
singular matrix of Q̂ = Q̄+ N̄ in (23), and the elements in N̄
are i.i.d. with each entry beingCN (0, σ2) according to Lemma 2.
Thus, Theorem 1 is applied, which gives

E

[
σ2
L(V̂

HV)
]
≥

(
1 − 2Nt(σ

2σ2
L(Q̄) + Lσ4)

σ4
L(Q̄)

)
+

. (38)

Then, based on the subspace accuracy metric in (9), it has

√
ηr(F̂) =

√
tr(F̂HHHHF̂)

tr(HHH)

=
‖H(F̂− V̂ + V̂)‖F

‖H‖F

≥ ‖HV̂‖F
‖H‖F − ‖H(F̂− V̂)‖F

‖H‖F

=
‖UΣVHV̂‖F

‖H‖F − ‖H(F̂− V̂)‖F
‖H‖F

≥ σL(V̂
HV)− ‖F̂− V̂‖2,

≥ σL(V̂
HV)− δ2. (39)

Thus, the inequality (25) is proved. Moreover, under the condi-
tion δ2 → 0, taking expectation of the squares of both sides in
(39) yields

E

[
ηr(F̂)

]
≥ E

[
σ2
L(V̂

HV)
]

(a)

≥
(

1 − 2Nt(σ
2σ2

L(Q̄) + Lσ4)

σ4
L(Q̄)

)
+

,

where the inequality (a) holds from (38). This concludes the
proof for the row estimation accuracy bound in (26). �

REFERENCES

[1] T. S. Rappaport et al., “Millimeterwave mobile communications for 5G
cellular: It will work!” IEEE Access, vol. 1, pp. 335–349, 2013.

[2] R. W. Heath, N. G.-Prelcic, S. Rangan, W. Roh, and A. M. Sayeed,
“Anoverview of signal processing techniques for millimeter wave MIMO
systems,” IEEE J. Sel. Top. Signal Process., vol. 10, no. 3, pp. 436–453,
Apr. 2016.

[3] E. Torkildson, U. Madhow, and M. Rodwell, “Indoor millimeter wave
MIMO:Feasibility and performance,” IEEE Trans. Wireless Commun.,
vol. 10, no. 12, pp. 4150–4160, Dec. 2011.

[4] S. Hur, T. Kim, D. J. Love, J. V. Krogmeier, T. A. Thomas, and A. Ghosh,
“Millimeter wave beamforming for wireless backhaul and access in small
cell networks,” IEEE Trans. Commun., vol. 61, no. 10, pp. 4391–4403,
Oct. 2013.

[5] O. El Ayach, S. Rajagopal, S. Abu-Surra, Z. Pi, and R. W. Heath, “Spa-
tiallysparse precoding in millimeter wave MIMO systems,” IEEE Trans.
Wireless Commun., vol. 13, no. 3, pp. 1499–1513, Mar. 2014.

[6] J. Wang et al., “Beam codebook based beamforming protocolfor multi-
Gbps millimeter-wave WPAN systems,” IEEE J. Sel. Areas Commun.,
vol. 27, no. 8, pp. 1390–1399, Oct. 2009.

[7] O. E. Ayach, R. W. Heath, S. Abu-Surra, S. Rajagopal, and Z. Pi, “The ca-
pacity optimality of beam steering in large millimeter wave mimosystems,”
in Proc. IEEE 13th Int. Workshop Signal Process. Advances Wireless
Commun., Jun. 2012, pp. 100–104.

[8] J. Lee, G. T. Gil, and Y. H. Lee, “Channel estimation via orthogonal match-
ingpursuit for hybrid MIMO systems in millimeter wave communications,”
IEEE Trans. Commun., vol. 64, no. 6, pp. 2370–2386, Jun. 2016.

[9] S. Srivastava, A. Mishra, A. Rajoriya, A. K. Jagannatham, and G. As-
cheid, “Quasi-static and time-selective channel estimation forblock-sparse
millimeter wave hybrid MIMO systems: Sparse bayesian learning (SBL)
based approaches,” IEEE Trans. Signal Process., vol. 67, no. 5, pp.
1251–1266, Mar. 2019.

[10] W. Zhang, T. Kim, D. J. Love, and E. Perrins, “Leveraging the re-
strictedisometry property: Improved low-rank subspace decomposition for
hybridmillimeter-wave systems,” IEEE Trans. Commun., vol. 66, no. 11,
pp. 5814–5827, Nov 2018.

Authorized licensed use limited to: University of Kansas Libraries. Downloaded on September 13,2020 at 20:15:12 UTC from IEEE Xplore.  Restrictions apply. 



5368 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 69, NO. 5, MAY 2020

[11] P. Jain, P. Netrapalli, and S. Sanghavi, “Low-rank matrix completion
using alternating minimization,” in Proc. 45th Annu. ACM Symp. Theory
Comput., 2013, pp. 665–674, doi: 10.1145/2488608.2488693.

[12] B. Recht, M. Fazel, and P. A. Parrilo, “Guaranteed minimum-rank solutions
oflinear matrix equations via nuclear norm minimization,” SIAM Rev.,
vol. 52, no. 3, pp. 471–501, 2010.

[13] X. Li, J. Fang, H. Li, and P. Wang, “Millimeter wave channel estimation
viaexploiting joint sparse and low-rank structures,” IEEE Trans. Wireless
Commun., vol. 17, no. 2, pp. 1123–1133, Feb. 2018.

[14] W. Zhang, T. Kim, G. Xiong, and S.-H. Leung, “Leveraging subspace
informationfor low-rank matrix reconstruction,” Signal Process., vol. 163,
pp. 123–131, 2019.

[15] W. Zhang, T. Kim, and D. Love, “Sparse subspace decomposition for mil-
limeterwave MIMO channel estimation,” in Proc. IEEE Global Commun.
Conf.: Signal Process. Commun., Washington, DC, USA, Dec. 2016.

[16] H. Ghauch, T. Kim, M. Bengtsson, and M. Skoglund, “Subspace estimation
anddecomposition for large millimeter-wave MIMO systems,” IEEE J. Sel.
Top. Signal Process., vol. 10, no. 3, pp. 528–542, Apr. 2016.

[17] A. Alkhateeb, O. El Ayach, G. Leus, and R. W. Heath, “Channelestimation
and hybrid precoding for millimeter wave cellular systems,” IEEE J. Sel.
Top. Signal Process., vol. 8, no. 5, pp. 831–846, Oct. 2014.

[18] R. Heath, N. Gonzalez-Prelcic, S. Rangan, W. Roh, and A. Sayeed, “An
overview of signal processing techniques for millimeter wave MIMO
systems,” IEEE J. Sel. Top. Signal Process., vol. 10, no. 3, pp. 436–453,
Apr. 2016.

[19] J. Brady, N. Behdad, and A. M. Sayeed, “Beamspace MIMO formillimeter-
wave communications: System architecture, modeling, analysis, and mea-
surements,” IEEE Trans. Antennas Propag., vol. 61, no. 7, pp. 3814–3827,
Jul. 2013.

[20] A. Goldsmith, S. A. Jafar, N. Jindal, and S. Vishwanath, “Capacity
limits of MIMO channels,” IEEE J. Sel. Areas Commun., vol. 21, no. 5,
pp. 684–702, Jun. 2003.

[21] S. Haghighatshoar and G. Caire, “Massive MIMO channel subspaceesti-
mation from low-dimensional projections,” IEEE Trans. Signal Process.,
vol. 65, no. 2, pp. 303–318, Jan. 2017.

[22] X. Zhang, A. F. Molisch, and S.-Y. Kung, “Variable-phase-shift-basedRF-
baseband codesign for MIMO antenna selection,” IEEE Trans. Signal
Process., vol. 53, no. 11, pp. 4091–4103, Nov. 2005.

[23] N. El Karoui, “Tracy–widom limit for the largest eigenvalue of a large
class of complex sample covariance matrices,” Ann. Probab., vol. 35, no. 2,
pp. 663–714, Mar. 2007.

[24] X. Yu, J. C. Shen, J. Zhang, and K. B. Letaief, “Alternating minimiza-
tionalgorithms for hybrid precoding in millimeter wave MIMO systems,”
IEEE J. Sel. Top. Signal Process., vol. 10, no. 3, pp. 485–500, Apr. 2016.

[25] T. T. Cai and A. Zhang, “Rate-optimal perturbation bounds for singular-
subspaces with applications to high-dimensional statistics,” Ann. Statist.,
vol. 46, no. 1, pp. 60–89, Apr. 2018.

[26] R. Durrett, Probability: Theory and Examples. Cambridge, U.K.: Cam-
bridge Univ. Press, 2010.

[27] F. Wei, “Upper bound for intermediate singular values of random matri-
ces,” J. Math. Anal. Appl., vol. 445, no. 2, pp. 1530–1547, 2017.

[28] Y. Dagan, G. Kur, and O. Shamir, “Space lower bounds for linear prediction
inthe streaming model,” in Proc. Conf. Learn. Theory, 2019, pp. 929–954.

[29] G. Golub and C. Van Loan, Matrix Computations. Baltimore, MD, USA:
The Johns Hopkins Univ. Press, 2013.

[30] T. Bai, A. Alkhateeb, and R. W. Heath, “Coverage and capacity of
millimeter-wave cellular networks,” IEEE Commun. Mag., vol. 52, no. 9,
pp. 70–77, Sep. 2014.

[31] Z. Pi and F. Khan, “An introduction to millimeter-wave mobile broadband
systems,” IEEE Commun. Mag., vol. 49, no. 6, pp. 101–107, Jun. 2011.

Wei Zhang (Student Member, IEEE) received the
B.S. and M.S. degrees from Harbin Institute of Tech-
nology, Harbin, China, in 2013 and 2015, respec-
tively, and the Ph.D. degree from the City University
of Hong Kong, Hong Kong, in 2019. His research
interests include channel estimation, signal process-
ing in millimeter wave MIMO systems, and low-rank
matrix reconstruction.

Taejoon Kim (Senior Member, IEEE) received the
B.S. degree (with highest Hons.) from Sogang Uni-
versity, Seoul, South Korea, in 2002, the M.S. degree
from KAIST, Daejeon, South Korea, in 2004, and the
Ph.D. degree in electrical and computer engineering
from Purdue University, West Lafayette, IN, USA, in
2011. From 2011 to 2012, he was with the Nokia
Research Center, Berkeley, CA, USA, as a Senior
Researcher. Before joining the University of Kansas
as an Assistant Professor, he was with KTH, Stock-
holm, Sweden and City University of Hong Kong.

His research interests are in the design and analysis of communication systems
and statistical signal processing. Since 2016, he has been an Associate Editor
for the IEEE TRANSACTIONS ON COMMUNICATIONS. He was the recipient of the
IEEE Communications Society Stephen O. Rice Prize in 2016, IEEE PIMRC
Best Paper Award in 2012, and Nokia Research Center Kudos Award in 2012.
He holds 26 issued U.S. patents. He received The President’s Award of City
University of Hong Kong in 2017.

Shu-Hung Leung received the B.Sc. degree (with
first-class Hons.) in electronics from The Chinese
University of Hong Kong, Hong Kong, in 1978, and
the M.Sc. and Ph.D. degrees in electrical engineering
from the University of California Irvine, Irvine, CA,
USA, in 1979 and 1982, respectively. From 1982 to
1987, he was an Assistant Professor with the Univer-
sity of Colorado, Boulder. Since 1987, he has been
with the Department of Electrical Engineering, City
University of Hong Kong, Hong Kong, where he is
currently an Associate Professor. He has received

a number of grants from Competitive Earmarked Research Grant, Croucher
Foundation, and CityU Strategic Grant. He has authored or coauthored more
than 200 technical papers in journals and international conference proceedings.
His current research interest is in wireless communications of 5G and beyond.
Dr. Leung is currently an Associate Editor for the IEEE TRANSACTIONS ON

VEHICULAR TECHNOLOGY. He served as the Chairman of the Signal Processing
Chapter of the IEEE Hong Kong Section in 2004 and as an Organizing Com-
mittee Member for a number of international conferences. He is listed in the
Marquis Who‘s Who in Science and Engineering and Marquis Who‘s Who in
the World.

Authorized licensed use limited to: University of Kansas Libraries. Downloaded on September 13,2020 at 20:15:12 UTC from IEEE Xplore.  Restrictions apply. 

https://dx.doi.org/10.1145/2488608.2488693


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


